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The problem of the designing bodies of minimum drag for a specified area of the base and a specified area of
the (“windward”) surface around which the flow occurs is considered in the approximation of an arbitrary

localized interaction model. New necessary conditions for minimum drag are obtained which are stronger
than the Legendre condition. It is shown that, in the approximation used, the optimal configurations in
the general case contain end faces and cylindrical segments of the boundary extremum, which appear
due to the existence of limits of applicability of local models. It is established that the solutions previously
obtained are incomplete. A complete solution of the problem is constructed.
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1. Formulation of the problem

In the fairly arbitrary localized interaction model (LIM), a force!

D = [[{lp.+qc,(@)]In+qgc (o)t}dS
N

1

,/1+x§+x§
t-nxk] =0, t-k=41-0 (11)

acts on the (“windward”) surface (WS) past which the flow occurs.
Here and in Fig. 1, a, the unit vector k of the x axis of the Cartesian
coordinates xyzis directed along the free stream velocity vector V.,
the subscript oo is ascribed to the free stream parameters, x=x(z,
y) is the equation of the “windward” surface (WS), p and p are the
pressure and density of the gas, V=|V| and q = p, V2, Sp is the area
of the base of the body which is bounded by the curve I, S is the
area of the WS and n is its inward normal. On the WS

a=o(y,z)=n-k=

0sacsgl (1.2)

In the LIM, the coefficients of the pressure c, >0 and the friction
=0 acting on an element of the surface S are known functions
solely of & and the free stream parameters (¢;=0 is written in order
to include Newton’s formula in the treatment). The friction force is
directed along the vector t, tangential to the surface past which the
flow occurs. By assumption, the vectors n, k and t are coplanar.
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We shall confine ourselves to bodies which have a base lying in
the yz plane (when x=0) and the projection of the WS onto this
plane coincides with it. If S, is adopted as the scale of area, then
S>Sp,=1. By condition (1.2), together with the sloping parts where
0<a<1, the windward surface (WS) can contain faces and cylin-
drical segments for which « takes its limit admissible values: a=1
and a=0. If S; and Sy are their areas, then, when account is taken
of expression (1.1), the drag coefficient of the WS x and its area are
given by the equalities

D-k-S,p..
X = —S—q———- = jJ. F((X)dsb+cfoso+cplsl’
b S5,\8,
ds
S = J‘J Fb'f-so‘f'sl
AR

c o)
F(o) = c (o) + fTA/l —a?, co=c0), ¢,y = (1),
OSSO<S,SZSb=1,OSS1S1 (13)

Here and henceforth S,\S; denotes integration over the base of the
body without the projection onto it of the end face (or faces) of area
Si.

The problem of designing the WS which gives the minimum of
x for a specified area S was solved earlier? in the case of the LIM

2
cp(a) = a’,

c/(@) = ¢y = const (14)
which corresponds to Newton’s formula and a constant fric-
tion coefficient ¢;. This problem has been considered in Refs. 3
and 4 when ¢y(a)=0? and ¢g=0. When solving the same prob-
lem in Ref. 5, the local “drag law”, that is, the form of the
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Fig. 2.

coefficients ¢p(a) and c{a), was not specified. The possibility
of non-zero values of Sy and S; was not considered in Refs.
2-5.

As is shown below, the form of the relation Fla) when0<a <1
is important a the complete solution of the problem. Three curves,
giving different forms of F(a) are presented in Fig. 2. Curve 1, which
corresponds to Newton'’s formula with a zero friction coefficient,
has a single minimum which is simultaneously also a boundary
minimum (when o =0 at the left-hand boundary of the admissible
range of variation of o) and a classical minimum F, = dF/da=20=0
when a=0. In the case of curve 2, as in the LIM (1.4), one minimum
is classical and the second is a “boundary” minimum (when a=1).
Curve 3, together with a single boundary and two classical minima
of F(a), also has a further minimum at the point of discontinuity. A
discontinuity and even a break in the curve F=F(a) are possible if
different drag laws are used in the LIM: one for smaller and one for
larger values of a. In the case of curves 2 and 3, F(0) =

2. Necessary optimality conditions when there are no
cylindrical or end face segments

In order to obtain the necessary conditions for a minimum of x
for a specified area S, the Lagrange functional I = x +AS is combined
with a constant undetermined multiplier \. Since S is fixed, the
conditions for x to be a minimum are identical to those for I to be
a minimum.

If, as was done previously in Refs. 2-5, cylindrical and end face
segments are not provided for in the optimal WS and the treat-
ment is restricted to a smooth function F(a), then, for the increment

Ax = Al, we obtain

Ax = ”[J do + J“—“(Sa)z + ---]dsb =
”{ [a(ja ) a(Jgﬁxz)}6x+J"7°‘(8a)2+...}dSb
=F(a)+§=6(0t) C;)Vl‘ 3‘;

(2.1)

= J(o, N

In order to obtain the second expression for A, account has been
taken of the fact that, on the curve I', the variation dx =0, since the
base of the body belongs to the x=0 plane.

According to the first expression for Ay, the necessary condi-
tions for a minimum of x reduce to
Jo(0,A) =0, Jyu(0, A)20 (2.2)
These conditions were obtained for the first time in Ref. 2. It is seen
from their derivation that the specific form of the functions c(a)
and c{«) used here is of no significance. It is only essential that the
integrand in the Lagrange functional is individually independent of
Xy and x; and is given in terms of a function o which itself represents
acertain combination of these derivatives. Moreover, for conditions
(2.2) to hold, its form is also unimportant. For such problems, the
equality (2.2) is Euler’s equation (as it was called in Ref. 2) and the
inequality is the Legendre condition.

By virtue of the equality (2.2), the value of « is constant for the

optimal WS. According to the expression for S(1.3) when Sg=S; =0,
it is equal to
o =0o,= 1/§ = Sb/SS 1 (2_3)

Substituting of o, into the formula for x (1.3) with Sp=S51 =0 we
obtain the drag of the optimal WS
= F(1/5) (2.4)
The Lagrange multiplier A, defined by the equality (2.2), is only
required in this case in order to check the Legendre condition which,
together with the expressions for A, is written in the form

M= opFy (0,), [00F, 1y 20

(2.5)
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The optimal value a;,, defined by equality (2.3), is only identical
with the coordinates of the minimum of the function F(a) for com-
pletely fixed values of S. So, in the case of curves 2 and 3 in Fig. 2,
these will be the points of a boundary minimum when S=1. In the
case of the LIM corresponding to curve 3, the lowest drag is obtained
at the point of discontinuity o =ay. In such “irregular” cases, the
derivative of Fy is non-zero at the corresponding points and, at the
point of discontinuity of curve 3, it breaks. In spite of this, formulae
(2.3)and (2.4) hold as before. For example, in the case of an end face
of the unique WS which is possible when S=1, am =1 and xm =F(1)
according to these formulae.

Within the framework of the LIM (1.4), the Legendre condition
reduces to the inequality

4
c c,S
! N 6 L
o, (1-0c,)

B 720
2
($°-1) (2.6)
which is equivalent to condition (83) in Ref. 2.

According to formulae (1.1) and (2.3), the equation for o, which
defines the optimal WS, has the form

2 2 -2
LHXx, =0,

x -1=58-120

(2.7)
In the case of an arbitrary shape of the base, this first order par-
tial differential equation is solved by the method of “characteristic
strips”.67 By virtue of Eq. (2.7), the resulting form of the optimal
WS is completely determined by the magnitude of S, that is, by the
ratio of the specified area of the WS to the specified area of the base,
and is absolutely independent of the drag law. In particular, if the
base is a circle, then the WS based on it is the surface of a circular
cone.

The fact that the optimal form is independent of the drag law
is already strange because the Legendre condition, which depends
both on S and on the drag law, can be violated. For example, within
the framework of the LIM (1.4), the modulus of the negative second
term in (2.6) tends to infinity when S— 1 and, for large S, increases
linearly with S. Consequently, starting from a certain S, the inequal-
ity (2.6) is necessarily violated. However, the inevitability of the
violation of the Legendre condition at large values of S and values
of S close to unity was not remarked upon in Ref. 2.

The Bunimovich and Dubinskii,°> while aspiring to solve the
problemin the case of an arbitrary LIM, wrote out the Euler equation
in the “traditional” form

d(J 0, ) 9(J,0,)
>+ L =0
dy 0z (2.8)

which corresponds to the second expression for the increment in ¥
in (2.1), as the necessary conditions for a minimum of x.

Equation (2.8), which is a second order equation in x, must be
solved with the boundary condition x| = 0. It is incomparably more
complex than Eq. (2.7) that is a corollary of Eq. (2.2) which, in the
case of this problem, is also the initial Euler equation. If J does
not contain x, then the transition from the first way of writing
the expression for Ay in (2.1) to the second way of writing this
expression and to Eq. (2.8), which was referred to as the “Euler-
Ostrogradskii equation” in Ref. 5, is only necessary if J is depends
both on xy and x; and not on their combination as in a LIM. More-
over, it is even harmful in this problem. Actually, by virtue of the
first condition of (2.2), J, = 0 which, with the equalities which follow
from this and the inequalities (2.3)-(2.5), gives a unique minimum
of . Unlike this, J, =0 is just one of the solutions of Eq. (2.8), and it
is necessary to prove that there are no other, possibly better, solu-
tions of Eq. (2.8). However, this question was not discussed in Ref.
5. Finally, as shown at the end of Section 3, the value of J, is non-

zero in the case of bodies with o =0y, which corresponds to the
discontinuity in curve 3 in Fig. 2.

3. The necessary conditions of optimality when cylindrical
and end face segments are admitted

Even in the case of the extremely simple LIM (1.4), the solution,
obtained earlier in Ref. 2 and described in Section 2, is incomplete
on account of the violation of the Legendre condition (2.6). Accord-
ingly, we admit the existence in the optimal WS of cylindrical parts
(based on the boundary of the base I', for example) and windward
(“leading”) end face segments that, in the formulation that has been
adopted, can appear as segments of a boundary extremum (SBE).
For the first of these o =0 and the admitted variations da > 0 and,
for the second, a =1 and the admitted variations da < 0. With the
assumption of SBE

Ay = J‘ISJ((X, X)dSb + §[cpl + 7\'—-]((1, K)]ﬁnldrl

S\S, r,
+(cro+MAS, =
= ”[Ju(oc, A)da + -Jfﬁ‘(z&-)Q(Sm)2 + ...]dS,, +...
Sp\S, (3.1)

Here, the contour integral is chosen in the plane x=const
along the boundary I'; which separates the end face (when S; >0)
from the inclined part of the WS (the segment of the two-sided
extremum (STE)), 8n! is the displacement of I'y along the outward
normal to itself (in the same plane) and J(a, A) is the value of J in
I'1 as viewed from the STE. The first term in the second expression
for Ay is written for the case when the function J(, A) is smooth
in the neighbourhood of the variable value of a.

In cases, when the second way of writing the first term in for-
mulae (3.1) is suitable, we start to obtain the necessary conditions
for a minimum from the case considered in Section 2 when there
are no segments of a boundary extremum (SBE’s) (S; =Sp =0). Due
to the choice of the multiplier A, at a certain “compensating” point
k, we put

[Jo(0, M1, = [Fo(o) ka1, = 0 (32)

and, simultaneously with the variation of « at an arbitrary point of
the WS, we preserve S at the price of a change in « in the neigh-
bourhood of the point k while keeping S;, unchanged. Due to this,
all the variations and increments in (3.1) can be considered as being
independent.

On the sloping part of the WS, the variations da are arbitrary
and, therefore, the necessary condition for a minimum of x, deter-
mining the optimal shape of the WS, reduces in the first place to
equality (2.2), that is, equality (3.2) is not only satisfied at the point
k but for the whole of the required WS. Consequently, formulae
(2.3)-(2.5) hold as before for the constant optimal o = o, the coef-
ficient x;; and the Lagrange multiplier \. After this, in the case being
considered, expression (3.1) for Ay takes the form

1 2
A =5 ”Jw(oc, A)(Bo)’ds,
5,\S,

+[ec, +A=J(0, M)JAS, + (cso + M)AS, (33)
From here, as previously, the Legendre condition is obtained, which
reduces to the inequality (2.5) but not only. If the optimal WS does
not contain cylindrical and end face parts (Sg =51 =0), then their
introduction (ASp >0, AS; >0) at any point of such a surface must
not reduce the drag. In accordance with this, such WSs must satisfy
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two further necessary conditions for optimality. After eliminating
of the multiplier A, they take the form

Cro+ oc,iFam(ocm) 20,
Cpr+ (0, — l)amFam(ocm)—F(ocm)zo (3.4)

Within the framework of the LIM (1.4), these conditions reduce to

1
3
P, cp) = 20, - Cf—— =

(3.5)

The expressions in terms of S are obtained after the replacement of
o, in accordance with formula (2.3).

The functions ¢g 1 (am, ¢5) in inequalities (3.5) as well as the func-
tion ¢ (am, ¢f) in the Legendre condition (2.6) are of alternating sign
when ¢¢>0 and they are negative for any 0 < ay; <1 when a certain
value of the friction coefficient cr is exceeded. The relations cf((xm)
are shown in Fig. 3 in which the curves 0, 1 and L correspond to the
functions ¢g, ¢1 and ¢; vanishing. Over the whole possible range
of variation of a;;;, the curve L is above at least one of the curves:
0 or 1. Hence, for the LIM (1.4) with a non-zero friction coefficient,
the constraints on ¢; following from inequalities (3.5) are stronger
than those imposed by the Legendre condition. For all values of o,
which are admissible for the WS, inequalities (2.6) and (3.5) are
only satisfied for a LIM with zero friction. Consequently, it is only
in this case, considered earlier in Refs. 3 and 4 that the solution
described in Section 2 holds for all S> 1.

When at least one of inequalities (2.5) and (3.5) is violated (for
the LIM (1.4), (2.6) and (3.5)), one must allow the existence of SBE
of one or both types, which have been considered, in addition to a
sloping STE in the unknown WS. In particular, the WS can contain
STE in which condition (2.2) holds as before and both of the SBE
are of non-zero area (S; >0 and Sp >0). In this case, the constancy
of a=a, with 0<ay, <1 follows, as before, from the Euler equa-
tion, that is, equality (2.2), which holds for the STE. Now, however,
instead of formula (2.3) for o, the relation

a,, (3.6)

obtained from the second equality of (1.3), holds.

2
L
Cf 0
1 — <
1
0 05 @, or 1/S 1.0

Fig. 3.

When S; >0 and Sp >0, the increments AS; and ASy, unlike in
the case considered above, are arbitrary, and, from expression (3.1)
for Ay, we therefore obtain the equalities (“transversality condi-
tions”)

cpo+A =0

ci(o,) > l1-a
Pl_cp(am)_ fam 1_(x‘m_ o “A =0
m m

instead of inequalities (3.4) as additional necessary conditions for
an extremum of x.

The two quantities o and A, to be determined, occur in con-
ditions (3.7) and (3.8) and the Euler equation (2.2). Eliminating A
using condition (3.7), we arrive at two independent equations for
determining o

(3.7)

c
(3.8)

do(o,)
Cp] —CfO—CD(OCm) = O, Tmm = 0
c (O
®(0,,) = F(a, _c_fo = Cp(am)"' f( m)m_fﬁ?
am Otm am

(3.9)

Although it is highly unlikely that these equations are simulta-
neously satisfied, it is possible in principle. There is just a single
equation (3.6) for determining Sg and S; in these (“special”) cases
for a specified S and such a. As a result, a single-parameter fam-
ily of optimal WSs is obtained. Substituting Sp and cp1, found from
relation (3.6) and the first equality of (3.9), into formula (1.3) for ¥,
we obtain

X = (I)(ocm)+Scf0 = cp1+cf0(S—l)

Hence, as might have been expected, the drag of all of the bodies
of the above-mentioned single-parameter family, including a sharp
cone and a blunt cylinder, is the same. Two such bodies in the case
of a circular base, a blunt cylinder and a pointed cone from Section
2, are presented in Fig. 1, b (r is the radial coordinate).

In the case of a WS only with an end face SBE (S >0, Sp =0), the
necessary conditions for a minimum of x reduce to equalities (2.5)
and (3.8) and to the inequality

Cpo+A20

Substituting the value of A\, found from equality (3.8), into it, we
obtain

cpl—cfo-d)(am)ZO (310)
with the function ®(a,;) defined above. Substitution of the same
value of N\ into Euler’s equation, that is, equality (2.5), gives an
equation for determining o,

(01
cpl-cp(ocm)—cf( W ok~ (1 — 0) 0, F o (0) = O

o

(3.11)

If the Legendre condition (inequality (2.5)) and the inequality (3.10)
are satisfied for value of oy found from Eq. (3.11), then S and xm
are calculated using the formulae

o 1-a,S _
I Xm =
2
ocmcp(ocm)+cf(ocm)ﬁ/1—ocm(s_l)+c 1-0o,S
1-a, Pt -a,
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In the case of a circular base, the optimal truncated cone with end
face SBE and the pseudo-optimal pointed cone are shown in Fig. 1,
C.

In the case of the LIM (1.4), Eq. (3.11) and inequality (3.10) are
written in the form

2 2
(1+o,-2a,)J1-0, =cp,

3 2
o, — 0, +c(l-o,—J1-0a,)20 (312)
If the resulting expression for ¢y is substituted into this inequality,
it takes the form

200 — (1+0a, —20.)(1-J1-02)=0

According to calculations, this inequality is satisfied when
o > 0y, Where o ~0.2866 is the ordinate of the point of
intersection of the curves 0 and 1 in Fig. 3. At this point,
Cp =Cf1 =Cp ~ 1.0752.

The optimal WSs with cylindrical SBE (Sg >0, S; =0) are treated
in a similar manner. In this case, oy is given by the equation

do(a,)

0
2 day, (314)

(3.13)

il

c
£0
Fam(ocm) + =
o

with the function ®(a,), introduced by the last equality of (3.9).
Here, the conditions, which have in the form of inequalities, reduce
to the Legendre condition (inequality (2.5)) and to condition (3.10),
that is, at first glance, they do not differ from those obtained for
WSs with end face SBE. However, since the basic equation (3.14)
defining o, differs from equation (3.11), which plays a similar role
in the case of WSs with end face SBE, the resulting inequality does
differ. For instance, in the case of the LIM (1.4), the equation and
inequalities (3.12) and (3.13) are replaced by

3 2

200 l—ocm 2 Cr

—mN____ "= — - >
- cpo 1+, -2a, 2_0

- Jl-o,, 1-o,

(1+a,-202)(1 - J1-02)-205,20 (315)
Unlike inequality (3.13), the last condition of (3.15) is satisfied when
am < o+ When o, < o+, the left-hand sides of inequalities (3.13)
and (3.15) simultaneously vanish.

If the Legendre condition (inequality (2.5)) and inequality (3.10)
are satisfied in the case of a;; found from Eq. (3.14), then Sp and xm
are calculated from the formulae

o,,S-1
0= o ?

m

_ 0nCp(0) +¢,(00,) 1 - o, + (0,5 — 1)e g
am

m

In the case of a circular base, the optimal WS is a combination of
a cone with cylindrical SBE and the pseudo-optimal pointed cone
shown in Fig. 1, d.

If the curve F=F(«) is not smooth with a minimum at the break
(when au=a), as in the case of curve 3 in Fig. 2, it can be possi-
ble that o, =y for a certain value of S. In this case, the multiplier
N which causes the left-hand side of equality (3.2) to vanish at
the “compensating” point k with o, =y is indeterminate at first
glance. In fact, its value at the point k is chosen from equality (3.2)
to be different depending on the sign of the variations da at other
points. If they are positive, then, in order to keep S constant in the

neighbourhood of the point k, the variation 8a must be negative.
In such cases, by the meaning the compensating point, A = aﬁFad_.
At other points, the coefficient of non-negative da in the integrand
in formula (3.1) is equal to

J (0, ) = Fa(a)d+—% = Fy(a)y, - Fy(0t), >0
Oy

leading, as must be the case, to an increase in the drag. If, however,
at points differing from the compensating point, da <0, then

A= atziFoc(a)dw
Jo(0,A) = Fo(a),_— —;12 = Fy(0),_— F (o), <0
Oy

Being equivalent to the preceding inequality, this inequality also
leads to an increase in x for the optimal WS. In similar situations, it
is naturally not necessary for the Legendre condition to be satisfied.

4. The structure of the optimal surface in the general case

In the problem being considered, according to the conditions
obtained above, the form of the optimal WS, notwithstanding the
assertions in the Refs. 2 and 5, not only depends on the magnitude
of S but, also, on the LIM. We will demonstrate this by taking LIM
(1.4) as an example. We start with small friction coefficients. The
horizontal ¢y=const« 1 in Fig. 3 lies almost as a whole beneath
the curves 0 and 1, which bound the domain from above in which
inequalities (3.5), that is, the necessary conditions for a minimum
in ¥, are satisfied. Suppose amg =am(cy) for the increasing part of
the curve 0, oy =am(cs) for the decreasing part of the curve 1
and that the specified magnitude of S and the friction coefficient
¢r<cp~ 1.0752 are such that amg < 1/S < a1 . In suchssituations, the
optimal o, < 1/S and, in the case of a circular base, one of the opti-
mal WSs is the surface of a circular cone. The semiangle at its vertex
6 =arcsin(1/S).

Together with a conical WS, it is possible to construct an infi-
nite number of optimal spatial WSs which, in the case of those S
based on a circular base, have the same drag xm =F(1/S). This also
holds in the case of LIMs without friction which have been pre-
viously considered.3 One of these spatial WSs, constructed using
the method developed in Ref. 8, is shown in Fig. 4, a where a circu-
lar cone is also shown. According to the method of construction, !
a=ay =1/S for all elements of the spatial WS. This, by virtue of for-
mulae (1.3) written for S; =Sp =0, also ensures the same values of
X and S in the case of all such bodies. The same method enables us

D)

SN—"7 N\ _—7

—

I T~
I )
}
\

(e)
Fig. 4.
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to construct an unbounded set of spatial bodies with bases which
differ from a circular base. They all have the same drag for a fixed
value of S.

Now, suppose that, when ¢f< ¢~ 1.0752, the magnitude of S is
such that a1 <1/S < 1. In such situations, the optimal WS consists
of an end face and STE for which am=ap1(cy) for all S from the
above-mentioned range, that is, it is constant. In the case of a circu-
lar base, one of the optimal WSs is the surface of a truncated circular
cone. Three such truncated cones are shown in Fig. 4, b. When S — 1,
the height of the truncated zone tends to zero. On the other hand, as
in the area of the WS increases when its value reaches S=1/o;1(cy),,
the cone becomes pointed. The semi-angle at the vertex of the trun-
cated cone is 0 =arcsin a;;1(¢f) < arcsin(1/S) and the equality only
holds in the limiting case when S=1/ap1(cp). This fact is reflected
in Fig. 1, c. On the other hand, it can be seen from Fig. 4, b that
the angles at the vertex of such cones are greater than the angle
of the pointed cone shown in Fig. 4, a. The surface of the truncated
cone (Fig. 4, b) can be subdivided into several surfaces, for example,
the two surfaces as shown in Fig. 4, c. Finally, the conical surfaces
can be replaced by spatial surfaces constructed using the technique
developed earlier in Ref. 8. In the case of a circular base, such WSs
can be obtained by removing the head part of the body shown in
Fig. 4, a with the plane x = const. The difference from the preceding
situation lies solely in the fact that the corresponding spatial WS is
constructed for oy = a1 (), rather than for o =1/S.

Suppose, as before, that ¢; < ¢ ~ 1.0752 but that the magnitude
of S is such that 0 <1/S<ayg. In such cases, the optimal WS con-
sists of a cylindrical part and STE for which am =ammo(¢y) for all S
from the indicated range, that is, it is again constant but of smaller
magnitude. In the case of a circular base, one of the optimal WSs is
the surface of a circular cylinder and the cone adjoining it with con-
stant 6 =arcsin ao(cy) > arcsin(1/S) which is represented in Fig. 1,
d. The equality only holds in the limiting case when S=1/amo(cy).
Two such WSs together with the “limiting” cone are shown in Fig. 4,
d. The angle at the vertex of the identical cones in Fig. 4, d is smaller
than the angle of the cone in Fig. 4, a. As S tends to infinity, the drag
of the WS x — ¢S — oo. As previously, cylindrical and conical parts
can be combined in an arbitrary was while preserving the magni-
tudes of S and Sp and am =amo(cy) in the conical segments. One of
the optimal configurations which is obtained when this is done is
shown in Fig. 4, e. Finally, as before, any cone in Fig. 4, d and e can
be replaced by a spatial surface, constructed for am = ayo(cy), of the
type shown in Fig. 4, a.

Calculations, carried out for ¢ < ¢y ~ 1.0752 naturally confirmed
the superiority of a WS with end face SBE (when a1 <1/S<1) and
cylindrical SBE (when 0 < 1/S < ayyg), although, for ¢ « 1, the above-
mentioned superiority is insignificant. As ¢yincreases, the reduction
in drag becomes more noticeable first of all for bodies with end
faces. The results of calculations for a friction coefficient ¢;=0.5,
which is remarkable in that o;,1(0.5) = 1/+/2 ~ 0.7071,and xm =1
for all 1/4/2 <1/S <1 give the curves n=4 and n=2 in Fig. 5. For
¢r=0.5 when 0 <1/S<amo(0.5)~0.1265, the optimal WSs contain
cylindrical SBE. The magnitudes of Ay =x/xm — 1, where x=F(1/S)
is the drag of a pointed cone which is “optimal” according to Refs. 2
and 5 are given for the above-mentioned range of values of 1/S. The
curve n=3 gives the dependence of Ax on 1/S for ¢;=cp ~ 1.0752.
Although, in this case, Ay is approximately five times greater than
for ¢y=0.5, the reduction in drag on changing to a combination of
a cone and a cylinder constitutes tenths of a percent. For large 1/S,
the transition to truncated cones reduces the drag to an appreciably
greater extent: up to 5% for ¢;=0.5 (curve 2 in Fig. 5) and up to 19%
when ¢y=cp (the dashed line in Fig. 6).

For all of the WSs with STE considered above, where 0 <o, <1,
just one of the necessary conditions for minimum drag (3.5) is vio-

Ay x 107 /\1=]4 ] /
n=2
4
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Fig. 5.

lated when ¢;= ¢y ~ 1.0752. This means that the optimal WS cannot
have STE for such ¢y. The unique possibility which remains in these
cases is a cylinder with a blunt end face, that is, a surface formed
by the SBE of the two types which are admitted by conditions (1.2).
The transition from the optimal WSs with STE which have been
constructed above occurs naturally as, when ¢f=cp, their drag is
equal to that of blunt cylinders with the same 0<1/S<1. In fact,
Olmo = 0m1 = &y ~ 0.2866 in such cases and, by virtue of equalities
(3.7) and (3.8), which are satisfied at the same time,

€4 (0,+) 2 1
cp(ocm*)+—fELA/1—am* = c”1+cf°(ocm*_l)

m*

and the expressions obtained above for x, reduce to the equality

Xm = P(a,) +Scsg = ¢y +cp(S-1)

which holds for all 0<1/S<1 and not only in the “special” case
considered earlier, corresponding to 1/S~ 0.2866 in the case of the
LIM (1.4). The transition described is analogous to the transition
to an end face discovered in the case of axisymmetric bodies® and
spatial bodies,1%11 where the radius of the base and the maximum
admissible length of the body were fixed in the first case and just
the area of the base in the second case.

For ¢f=cp~1.0752, the advantage of cylinders with a blunted
end face over the “optimal” pointed cones rapidly increases as the
friction coefficient becomes larger. The correctness of what has
been said is confirmed in Fig. 6 for different friction coefficients
¢r. The curve when ¢;= 0o was constructed using the formula

Ay = JS+DIS-1)-1

Ax
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which holds when 0 < 1/S < 1.The introduction of end face and cylin-
drical segments in the case of values of ¢; and 1/S for which the
necessary conditions for minimum drag obtained above are vio-
lated leads to a decrease in drag compared with conical surfaces
with a=1/S. Nevertheless, until now such segments have been
called SBE only because the quantity o in them took limit val-
ues from the interval of applicability of the LIMs being considered
which is determined by conditions (1.2).

We will now show that, in the corresponding cases, admissible
modifications of end face or cylindrical surfaces can only lead to an
increase in the drag.

An arbitrary admissible modification of the end face surface,
optionally small, can lead to the introduction into it of a cone with
a <0 as in Fig. 4, c when the area of the STEs for which o=, is
reduced (retaining the magnitude of S). However, if this value of o
differs from a1, then, unlike the initial WS, the resulting WS does
not satisfy the necessary conditions for a minimum of x. However,
a modification with the introduction of a cone for which a =1,
is identical to the subdivision of the STE considered earlier (Fig. 4,
c) which does not change the drag. Consequently, the modification
which has been carried out does not reduce the drag. Analogous
arguments hold for the cylindrical parts. The difference lies solely
in the fact that, in the case of a cylindrical surface when a=0 is
replaced by a >0, it is not possible, as it is in the case of an end
face, to make direct use of non-optimal cones (now with o # atpg).
Without going into detail, we note that, in this situation, the motion
(“rolling”) along the modified surface of the base of an arbitrary
circular cone with o> 0 which has been described earlier in Ref. 12
can be used.
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